It is undecidable whether or not a given context-free language and a propagating DT0L language are equal. We show that equivalence is decidable between context-free and everywhere growing DT0L languages.
Introduction
Equivalence problems for various classes of languages are among the most important decision problems considered in language theory (see, e.g., Rozenberg and Salomaa 7, 8] , Culik II 1] and Harju and Karhum aki 4]). Equivalence problems between di erent classes of languages are equally important. For example, Salomaa has shown that it is decidable whether or not a given D0L language and a given context-free language are equal 9]. In this note we consider the equivalence problem between DT0L and context-free languages. It is an easy consequence of earlier undecidability results that equivalence is undecidable between context-free and PDT0L languages. On the other hand it is noteworthy that equivalence is decidable between context-free and everywhere growing DT0L languages. The proof is a nice blend of earlier results concerning context-free and DT0L languages.
For further background and all unexplained notation we refer to Ginsburg 3] and Rozenberg and Salomaa 7, 8] .
2 The equivalence problem Suppose that G = (X; h 1 ; : : : ; h n ; w) is a DT0L system. Here X is a nite alphabet, w 2 X and h i : X ?! X are morphisms, 1 i n. G is said to be a propagating system (abbreviated as PDT0L system) if h i (x) is nonempty for all x 2 X, 1 i n. Everywhere growing DT0L systems are special cases of PDT0L systems. By de nition, G is an everywhere growing DT0L system (abbreviated as GDT0L system) if the length of h i (x) is at least two for all x 2 X, 1 i n. Example. Let X = fa; bg and de ne the DT0L system G = (X; g; h; a) by
and L(G) = fa; ab 2n+1 j n 0g is a regular language.
For the proof of the following result see Salomaa 10] .
Theorem 1 There is no algorithm for deciding whether or not two linear -free grammars generate the same sentential forms.
It is easy to see that the set of sentential forms generated by a linearfree grammar is a PDT0L language (see Salomaa 10] ). Therefore Theorem 1 implies the next result.
Theorem 2 It is undecidable whether or not a given context-free language equals a given PDT0L language.
1
For the proof of the decidability of CF-GDT0L equivalence we rst recall some earlier results. By de nition, a language L is sparse or poly-slender if and only if there exists a polynomial P (x) such that L contains at most P (n) words of length n for all n. (Note that in the de nition of sparseness it makes no di erence whether we count words of length n or words of length at most n.) Theorem Theorem 5 It is decidable whether or not a given context-free language is bounded.
Theorem 6 Equivalence is decidable for bounded context-free languages. Now we can state and prove the main result. Theorem 7 It is decidable whether or not a given context-free language and a given everywhere growing DT0L language are equal.
Proof. Let G = (X; h 1 ; : : : ; h n ; w) be an everywhere growing DT0L system and L 1 = L(G) be the language generated by G. Let L 2 be an arbitrary context-free language. By Theorem 3, L 1 is sparse. 
Suppose that K X is a solution of (1). 
Here L 2 and fwg h 1 (L 2 ) : : : h n (L 2 ) are bounded context-free languages.
Hence the decision is possible by Theorem 6. If equation (2) 
